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a b s t r a c t
An abelian category with arbitrary coproducts and a small projective generator is
equivalent to a module category (Mitchell (1964) [17]). A tilting object in an abelian
category is a natural generalization of a small projective generator. Moreover, any abelian
category with a tilting object admits arbitrary coproducts (Colpi et al. (2007) [8]). It
naturally arises the question when an abelian category with a tilting object is equivalent
to a module category. By Colpi et al. (2007) [8], the problem simplifies in understanding
when, given an associative ring R and a faithful torsion pair (X,Y) in the category of right
R-modules, the heart H(X,Y) of the t-structure associated with (X,Y) is equivalent to a
category of modules. In this paper, we give a complete answer to this question, proving
necessary and sufficient conditions on (X,Y) for H(X,Y) to be equivalent to a module
category. We analyze in detail the case when R is right artinian.
© 2011 Elsevier B.V. All rights reserved.
Introduction
In 1964, Barry Mitchell characterized the module categories as those abelian categories with arbitrary coproducts
possessing a small and projective generator [17]. At the beginning of the eighties, with the papers of Brenner and Butler,
Happel and Ringel, Bongartz and others, the notion of a tilting module has been introduced and extensively studied. Tilting
modules are small and projective exactly in the subcategory generated by them: they naturally generalize small projective
generators.
Tilting theory has been the object of further generalizations in the direction of abstract categories, like the case of
derived categories [12,20], Grothendieck categories [5] and abelian categories [14,7]. In particular, in [7] tilting objects for
an arbitrary abelian category C are defined, and a ‘‘tilting theorem’’ is proved, showing that any tilting object V provides
a counter-equivalence between the associated torsion pair (T ,F ) in C and a ‘‘tilted’’ faithful torsion pair (X,Y) in the
category of right End V -modules. Moreover, any abelian category with a tilting object admits arbitrary coproducts [8].
Thus, it naturally arises the question when an abelian category with a tilting object is equivalent to a module category.
In [2], Beilinson, Bernstein and Deligne introduced the heart of a t-structure in a derived category, proving that it is always
an abelian category. In [8], Colpi, Gregorio andMantese showed that an abelian category with a tilting object V is equivalent
to the heartH(X,Y) of the t-structure inDb(End V ) naturally associated with the above-mentioned faithful torsion pair
(X,Y).
In the light of this result, our question simplifies in understanding when, given an arbitrary associative ring R, the heart
of the t-structure naturally associated with a faithful torsion pair (X,Y) in Mod-R is equivalent to a module category. This
is not always the case: for instance, the heart associated with the usual torsion pair in the category Mod-Z of abelian groups
is not equivalent to any module category (see Example 7.1).
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Many papers deal with the problem of understanding when the heart of a t-structure is equivalent to a module category
in different frameworks (see for example [3,14,1,15,8], . . .). In all these papers, in different ways, some notions of tilting
theory are always involved.
For example, a wide description of the heart associated with a torsion pair is given by Happel, Reiten and Smalø in [14].
In particular they prove, in case of locally finite abelian categories, that if the torsion class is cogenerating, i.e., it contains all
injective modules, then the heart is equivalent to a module category if and only if the torsion class is generated by a tilting
module.
Dually, in our setting, we deal with a faithful torsion pair, that is a torsion pair whose torsion-free class contains all
projective modules. Following [8] or [15] the heart associated with a faithful torsion pair is equivalent to a module category
if and only if it is the heart of a t-structure generated by a tilting complex. Unfortunately this condition is not easily verifiable.
In this paper we want to find an explicit characterization in terms of the torsion pair we start from, as Happel, Reiten and
Smalø did in [14] in the case the torsion class is cogenerating.
In our main result Theorem 6.1 we give necessary and sufficient conditions on a faithful torsion pair (X,Y) in Mod-R
for H(X,Y) to be equivalent to a category of modules. In particular if R is artinian, we prove that H(X,Y) is equivalent
to a category of modules if and only the torsion classX is generated by a finitely presented R-module V which is tilting in
Mod-R/Ann(V ) (see Corollary 6.2).
In the last section we give concrete examples of how our results apply both in the artinian and not artinian cases.
Moreover we give a new proof of the fact that a quasi-tilted algebra of finite representation type is tilted, originally proved
by Happel and Reiten in [13].
Notation
Let C be an abelian category and V an object of C. It is possible to associate with V several classes of objects:
• Gen V is the class of those objectsM such that there exists a cardinal α and an exact sequence V (α) → M → 0;
• Pres V is the subclass of Gen V of those objects M such that there exist cardinals α and β and an exact sequence
V (β) → V (α) → M → 0;
• GenV is the closure of Gen V under subobjects;
• GenV is the class of objectsM in C which admit a finite filtration with consecutive factors in GenV , i.e.,
M = M0 ≥ M1 ≥ · · · ≥ Mk = 0, k ∈ N
withMi/Mi+1 ∈ GenV for i = 0, . . . , k− 1;
• V⊥ = Ker Ext1C(V ,−).
Following Dickson [10], a torsion pair for C is a pair (T ,F ) of classes of objects of C satisfying
(1) T ∩ F = {0},
(2) T → A → 0 exact and T ∈ T imply A ∈ T ;
(3) 0→ A → F exact and F ∈ F imply A ∈ F ;
(4) for each X ∈ C there is an exact sequence 0→ T → X → F → 0 with T ∈ T , F ∈ F .
In such a case T is a torsion class and F is a torsion-free class.
If R is an associative ring with 1 ≠ 0 andM a right R-module, we will denote by RM the quotient ring R/AnnR(M).
1. The heart
Given any associative ring R, let Db(R) be the bounded derived category of Mod-R. For any complex M• ∈ Db(R) we
denote by H i(M•) the ith cohomology of M•. If (X,Y) is a torsion pair in Mod-R, then we denote by H(X,Y) the full
subcategory ofDb(R) defined as
H(X,Y) = {M• ∈ Db(R) | H−1(M•) ∈ Y, H0(M•) ∈ X, H i(M•) = 0 ∀i ≠ −1, 0}.
H(X,Y) is called the heart associated with (X,Y); it is the heart of the t-structure (D≤0,D≥0) inDb(R)where
D≤0 = {A• ∈ Db(R) : H i(A•) = 0 for i > 0,H0(A•) ∈ X} and
D≥0 = {A• ∈ Db(R) : H i(A•) = 0 for i < −1,H−1(A•) ∈ Y}
In 1982 Beilinson, Bernstein and Deligne [2] proved that the heart of a t-structure on a triangulated category is an abelian
category.
Remark 1.1. Following [2], a sequence 0→ A• → B• → C• → 0 inH(X,Y) is short exact if and only if A• → B• → C• →
A•[1] is a triangle inDb(R). In particular it follows that given A•, C• inH(X,Y) the Yoneda Ext1H(X,Y)(C•, A•) coincides with
HomDb(R)(C
•, A•[1]).
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In what follows, we shortly denote byM1 → M0 the complex
· · · → 0→ M1 → M0 → 0→ · · ·
with zero terms everywhere except in degree −1 e 0. If (X,Y) is a faithful torsion pair in Mod-R, i.e. R belongs to Y, then
eachM• inH(X,Y) is isomorphic to a complex Y1 → Y0 with terms in Y, which is obtained considering a truncation of a
projective resolution ofM•. In particular we have
Lemma 1.2. Let (X,Y) be a faithful torsion pair in Mod-R and let Y1, Y0 ∈ Y. An object M• of H(X,Y) is isomorphic to the
complex Y1
φ→ Y0 if and only if the sequence 0→ M• → Y1[1] φ[1]→ Y0[1] → 0 is exact inH(X,Y).
Proof. By Remark 1.1, the sequence
0→ M• → Y1[1] φ[1]→ Y0[1] → 0
is exact inH(X,Y) if and only if
M• → Y1[1] φ[1]→ Y0[1] → M•[1]
is a triangle inDb(R), i.e. if and only if
M• ∼= cone(φ[1])[−1] = Y1 φ→ Y0. 
In [19] Noohi has given a useful explicit description of morphisms inH(X,Y). Given two objectsM• := M1 → M0 and
N• := N1 → N0 inH(X,Y), a morphism betweenM• and N• is a isomorphism class of commutative diagrams
M1
d

k
 
@@
@@
N1
d

ι
 

E
σ~
~~
~
ρ 
??
??
M0 N0
such that the diagonal maps compose to zero and the sequence
0→ N1 ι→ E σ→ M0 → 0
is exact. The kernel and cokernel of this morphism are given by the complexes
M1
k→ A and E/A ρ→ N0
where A is the unique submodule of E sitting between Im k and Ker ρ such that A/ Im k ∈ X and Ker ρ/A ∈ Y.
2. The problem
Happel, Reiten and Smalø in [14] have introduced the notion of tilting object in locally finite abelian categories,
generalizing that of classical 1-tilting module, i.e., a finitely generated tilting module of projective dimension ≤ 1. Colpi
and Fuller in [7] have further generalized this notion for an arbitrary abelian category:
Definition 2.1. [7, Definition 2.3] An object V in an abelian category C is called tilting if:
(1) C contains arbitrary coproducts of copies of V ;
(2) V is selfsmall (i.e., HomC(V , V (α)) ∼= (End V )(α) for any cardinal α);
(3) Gen V = V⊥;
(4) GenV = C.
By [7, Proposition 2.1] a tilting object has projective dimension≤ 1.
Possessing a tilting object is a very tightening condition for an abelian category. In particular it is an AB4 category, i.e. it
has arbitrary and exact coproducts (see [8, Lemma 3.2]). On the other hand, an object V in an AB4 category is tilting if and
only if it satisfies conditions (2), (3) in Definition 2.1 (see [7, Remark 2.2]).
A tilting object V in an abelian category C generates a torsion pair (T = Gen V ,F )which is counter-equivalent (see [4]
and [7]) to a faithful torsion pair (X,Y) in Mod-End V , called the tilted torsion pair of (T ,F ). Precisely the torsion classX
coincides with the image in Mod-End V of the functor Ext1C(V ,−) and the torsion-free class Y coincides with the image in
Mod-End V of the functor HomC(V ,−).
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Example 2.2. If (X,Y) is a faithful torsionpair inMod-R, the complexR[1] is a tilting object in the abelian categoryH(X,Y).
It is GenH(X,Y) R[1] = Y[1] and (Y[1],X) is a torsion pair in H(X,Y) naturally counter-equivalent to the torsion pair
(X,Y) in Mod-End R[1] = Mod-R. The counter-equivalence between (Y[1],X) and (X,Y) is given by the functors
H := HomH (R[1],−) : H(X,Y)→ Mod-R, and
H ′ := Ext1H (R[1],−) : H(X,Y)→ Mod-R
and by their adjoint functors T and T ′. For any complex M• in H(X,Y) and any module N in Mod-R, denoted by tX the
radical of the torsion pair (X,Y), it is
H(M•) = H−1(M•), H ′(M•) = H0(M•), T (N) = (N/tX(N)) [1], T ′(N) = tX(N)[0].
The last is much more than an example. Indeed, Colpi, Gregorio and Mantese proved
Theorem 2.3. [8, Corollary 2.4] Let C be an abelian category with a tilting object V , and (T ,F ) the torsion pair generated by V .
Then the category C is equivalent to the heart associated with the tilted torsion pair (X,Y) of (T ,F ) inMod-End V . Moreover
(End V )[1] is the tilting object inH(X,Y) corresponding to V by the equivalence.
In 1964 Barry Mitchell characterized the module categories as those abelian categories with arbitrary coproducts
possessing a small and projective generator [17]. Since the tilting objects are a natural generalization of small projective
generators, it is natural to place the following
Problem. when an abelian categoryAwith a tilting object V is equivalent to a module category?
By the above quoted result of Colpi, Gregorio and Mantese this problem is equivalent to understand when the heart
H(X,Y) associated with a faithful torsion pair (X,Y) is equivalent to a category of modules.
3. Quasi-tilting and tilting modules
Let R be an associative ring. Applying Definition 2.1 to A = Mod-R we have that a right R-module V is tilting if V is
selfsmall and Gen V = V⊥ or equivalently (see [9, Proposition 1.3]) if
(T1) there exists a short exact sequence 0 → R1 → R0 → V → 0 with R0, R1 direct summands of a finite direct sum of
copies of R;
(T2) Ext1R(V , V ) = 0;
(T3) there exists a short exact sequence 0 → R → V0 → V1 → 0 with V0, V1 direct summands of a finite direct sum of
copies of V .
Let us emphasize that this notion of ‘‘tilting module’’ corresponds in the recent literature to that of ‘‘classical 1-tilting
module’’ [11, Definition 5.1.1].
In [6] the following generalization of a tilting module has been studied:
Definition 3.1 (Definition 2.2, [6]). A right R-module V is called quasi-tilting if it is finitely generated and
Gen VR = GenVR ∩ V⊥R
Quasi-tilting modules represent the equivalences between a torsion class and a torsion-free class in categories of modules
(see [6, Theorem 2.6]). They are an effective generalization of tilting modules: in [6, Proposition 2.3] it is proved that a
quasi-tilting module VR is a tilting module if and only if it is faithful and Gen V is closed under products.
Given a right module V we will denote by RV the quotient ring R/Ann V .
Proposition 3.2. Let VR be a right R-module.
(1) If V is a quasi-tilting R-module and Gen VR is closed under products, then V is a tilting RV -module.
(2) If V is a tilting RV -module and Gen VR is closed under extensions, then V is a quasi-tilting R-module.
Proof. First we observe that Pres VRV = Pres VR, Gen VRV = Gen VR and VRV is finitely generated if and only if VR is finitely
generated.
1. Since V⊥R ∩ Mod-RV ⊆ V⊥RV , by [6, Proposition 2.1.(iii)] V is also a quasi-tilting right RV -module. By [6, Proposi-
tion 2.3.(iv)] if Gen VR is closed under products, then V is a tilting RV -module.
2. By [6, Proposition 2.1.(iii)], we have to prove that Gen VR ⊆ V⊥R . Consider a short exact sequence in Mod-R
0→ X → Z → V → 0;
since Gen VR is closed under extensions, the right R-module Z belongs to Gen VR. Then 0 → X → Z → V → 0 is also a
short exact sequence in Mod-RV ; since V is a tilting RV -module, the sequence splits. 
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4. Necessary conditions
In this sectionwewill give some necessary conditions for the heart associatedwith a faithful torsion pair to be equivalent
to a whole category of modules.
Proposition 4.1. Let (X,Y) be a faithful torsion pair inMod-R and assume that there is an equivalence
H(X,Y)
∗←→ Mod-S
between the heart associated with (X,Y) and the category of right S-modules for some associative ring S. Then there exists a
finitely presented right R-module V generatingX such that
(1) V is a RV -tilting module;
(2) the ring S corresponds by the equivalence to a complex R1
f→ R0, where R1, R0 are finitely generated projective R-modules
and Coker f = V .
Proof. Let us denote by US the right S-module R[1]∗; since R[1] is a tilting object in H(X,Y), US is a tilting S-module.
Clearly R ∼= End R[1] ∼= EndUS . Therefore by [18] also RU is a tilting module, in particular it is finitely presented. Let
(T = GenUS,F ) be the torsion pair generated by US ; composing the natural counter-equivalence between (X,Y) in
Mod-R and (Y[1],X) inH(X,Y) (see Example 2.2)with the equivalenceH(X,Y) ∗↔ Mod-S, we get a counter-equivalence
T ↔ Y and F ↔ X induced by RUS via the functors HomS(US,−) and−⊗R U and their first derived functors Ext1S(U,−)
and TorR1(−,U). It is HomS(U,M) = H−1(M∗) and N ⊗R U = ((N/tX(N))[1])∗ (see Example 2.2).
(1) By [6, Theorems 2.6, 3.4], VR := Ext1S(RUS, S) is a quasi-tilting module which generatesX. SinceX = Ker−⊗ RU and
RU is finitely presented, it is closed under products; by Proposition 3.2 V is a tilting RV -module.
(2) By property (T3) of tilting modules, there exists a short exact sequence
0→ S → U1 → U0 → 0
with U1,U0 direct summands of a finite direct sum of copies of US . Applying HomS(U,−)we get
0→ HomS(U, S)→ R1 → R0 → V → 0
with the Ri’s finitely generated projective R-modules. In particular VR is finitely presented.
Since HomS(U, S) belongs to Y and V belongs toX, the complex R1 → R0 belongs to the heartH(X,Y). Let us see that
S∗ is isomorphic to the complex R1 → R0. Since Ui ∼= Ri ⊗R U = Ri[1]∗, we have U∗i ∼= Ri[1]. Applying the equivalence ∗ to
0→ S → U1 → U0 → 0 we get
0→ S∗ → R1[1] → R0[1] → 0.
By Lemma 1.2, S∗ is isomorphic to the complex R1 → R0. 
In order to understand when the heart of a faithful torsion pair (X,Y) in Mod-R is equivalent to a module category, by
Proposition 4.1(1), we can assume thatX = Gen VR where V is a finitely presented R-module and a tilting RV -module.
5. Necessary and sufficient conditions forH(X,Y) to be a module category
Let us assume (X,Y) to be a faithful torsion pair in Mod-R withX = Gen V where VR is finitely presented and a tilting
RV -module. Since the heart H(X,Y) admits arbitrary coproducts [8, Lemma 3.1], by [17, Theorem 3.1] it is equivalent to
a module category if and only if it has a small projective generator. By Proposition 4.1(2), we can look for a small projective
generator among the finitely generated projective presentations of V in Mod-R.
In what follows, therefore, we will investigate necessary and sufficient conditions on a finitely generated projective
presentation R1
f→ R0 → VR → 0 of the tilting RV -module V which generates X for the complex R1 f→ R0 to be a
small projective generator ofH(X,Y).
5.1. The smallness of R1
f→ R0
It is easy to verify that:
Lemma 5.1. Let R1 → R0 be inH(X,Y), with R0, R1 finitely generated projectives inMod-R. Then R1 → R0 is small.
Proof. In [7, Lemma 4.1] it is shown thatDb(R) is cocomplete, and coproducts are defined componentwise. Moreover, since
bothX and Y are closed under arbitrary coproducts in Mod-R, it turns out that arbitrary coproducts exist inH(X,Y), and
these coproducts are actually computed inDb(R). Let us prove, now, that any morphism
φ : (R1 → R0)→

λ∈Λ
M•λ
inH(X,Y) factorizes through a finite coproduct

λ∈Λ0 M
•
λ for a finite subsetΛ0 ofΛ. Since R0, R1 are projective R-modules,
φ is a morphism in the homotopy category. We conclude since R0, R1 are finitely generated modules. 
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5.2. When R1
f→ R0 is projective
We give now necessary and sufficient conditions for the complex P• := R1 f→ R0 to be a projective object in the heart
H(X,Y). The result is valid for any complexM1 → M0 in the heart with projective terms.
Proposition 5.2. The complex P• := R1 f→ R0 is projective inH(X,Y) if and only if HomDb(R)(P•, V [1]) = 0, i.e. for any map
ϕ : R1 → V there exists a map ψ : R0 → V such that ϕ = ψ f .
Proof. If P• is projective inH(X,Y), then we have by Remark 1.1
HomDb(R)(P
•, V [1]) = Ext1H(X,Y)(P•, V ) = 0.
Conversely, assume HomDb(R)(P
•, V [1]) = 0. Since (Y[1],X) is a torsion pair in H(X,Y), in order to prove that P• is
projective it is enough to check that Ext1H(X,Y)(P
•,Y[1]) = 0 = Ext1H(X,Y)(P•,X). By Lemma 1.2
0→ P• → R1[1] → R0[1] → 0
is an exact sequence inH(X,Y).
The objects R1[1] and R0[1] belong to Add(R[1]) and hence they have projective dimension ≤ 1; hence first we have
proj dim(P•) ≤ 1.
Since R[1] is tilting and GenH(X,Y) R[1] = Y[1], by Definition 2.1 it is Add(R[1]) ⊆ Ker Ext1(−,Y[1]); therefore we get
Ext1(P•,Y[1]) = 0.
Let now X be a right R-module in X = Gen V ; consider an epimorphism V (α) → X → 0. It is also an epimorphism
between stalk complexes inH(X,Y). Since
Ext1H(X,Y)(P
•, V (α)) = HomDb(R)(P•, V [1](α)) ⊆
⊆ HomDb(R)(P•, V [1]α) = HomDb(R)(P•, V [1])α = 0,
and proj dim(P•) ≤ 1, we conclude that Ext1H(X,Y)(P•, X) = 0. 
Remark 5.3. By Proposition 5.2 the complex R1
f→ R0 is projective inH(X,Y) if and only if
φ(Ker f ) = 0 for each φ ∈ Hom(R1, V ).
Since R1 ≤⊕ Rm for a suitablem ∈ N, and
φ∈Hom(Rm,V )
Kerφ = (AnnR V )m
we have that R1
f→ R0 is projective if and only if Ker f as submodule of Rm is contained in (AnnR V )m. This condition suggests
to choose a presentation R1
f→ R0 of V with Ker f as small as possible.
The next result goes in the same direction of the above remark. But first let us recall the following useful classical
homological result.
Lemma 5.4. [16, Lemma B.1] Consider the following diagram inMod-R with exact rows
C
f
/
h

C ′ /
p
 
C ′′
q
~
/
ℓ

0
0 / L / M g
/ N
There exists q : C ′′ → M such that g ◦ q = ℓ if and only if there exists p : C ′ → L such that p ◦ f = h.
Proposition 5.5. If the module R1 in the complex P• := R1 f→ R0 is a projective cover of Im f , then P• is a projective object in
H(X,Y).
Proof. Let φ be a morphism in HomDb(R)(P•, V [1]) and denote by Ω the kernel of f : R1 → R0. Consider the following
diagram in Mod-Rwith exact rows
0 / Ω
φˆ

j
/ R1
φ

f
/ R0

/ V / 0
0 / φ(Ω) / V
g
/ Q / V / 0
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where Q is the pushout of the maps f and φ. Since Im g belongs to Gen V ⊆ V⊥ (see Proposition 3.2.(2)), the sequence
0→ Im g → Q → V → 0
splits. Therefore by Lemma 5.4 and the projectivity of R0 we get
0 / Ω
φˆ

j
/ R1
φ

f
/ R0

/
k
vm m
m m
m m
m m

V

/ 0
0 / φ(Ω) / V
gˆ ! !B
BB
BB
BB
B
g
/ Q / V / 0
Im g
.
=||||||||
such that gˆ ◦ φ = gˆ ◦ k ◦ f . Let us denote by kˆ the restriction of k to Im f ; applying again Lemma 5.4 we have the following
diagram
0 / Ω
φˆ

j
/ R1
φ

θ
}
fˆ
/ Im f

/
kˆ
}||
||
||
||
0
0 / φ(Ω) / V
gˆ
/ Im g / 0
with θ ◦ j = φˆ. Therefore, since Im θ = Im φˆ, we have R1 = Im j+ Ker θ ; since Im j is superfluous in R1, we get Ker θ = R1,
i.e. φˆ = θ ◦ j = 0. Thus the map gˆ is a monomorphism and from gˆ ◦ φ = gˆ ◦ k ◦ f we get φ = k ◦ f . We conclude by
Proposition 5.2. 
5.3. When R1
f→ R0 is a generator
Assume R1
f→ R0 → V → 0 is a projective presentation of V such that the complex P• = R1 → R0 is a projective object
in the heartH(X,Y). Continue to denote byΩ the kernel of f .
In this section we give necessary and sufficient conditions for P• to be a generator in H(X,Y). Let us start with some
preliminary lemmas.
Lemma 5.6. Let M be a right R-module and assumeGenM = PresM and closed under extensions. Consider amodule L inGenM;
then
(1) there exists a short exact sequence
0→ L → X → M(α) → 0
with X ∈ GenM;
(2) any extension of M(α) by L belongs to GenM.
Proof. There exists a short exact sequence
0→ L ι→ X1 → X2 → 0
with X1, X2 belonging to GenM .
(1) The module X2 is an homomorphic image ofM(α) for a suitable cardinal α. Then we have the following diagram with
exact rows and columns
0 0
0 / L / X1
O
p
/ X2
O
/ 0
0 / L / X
O
/ M(α)
π
O
/ 0
M(β)
O
M(β)
O
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where X is the pullback of the maps p and π . Clearly X results to be an extension of modules in GenM , and therefore it
belongs to GenM .
(2) Let Y be any extension ofM(α) by L. We have the following diagram with exact rows
0 / L  _
ι

ψ
/ Y  _

/ M(α) / 0
0 / X1 / Q / M(α) / 0
where Q is the pushout of ι and ψ . Since GenM is closed under extensions, we have that Q belongs to GenM and hence Y
is subgenerated byM . 
Lemma 5.7. The class GenV is closed under submodules, quotients and extensions.
Proof. Clearly GenV is closed under extensions. Let us see that GenV is closed under submodules and quotients. Let M be
in GenV ; consider the filtration
M = M0 ≥ M1 ≥ · · · ≥ Mk = 0, k ∈ N
withMi/Mi+1 ∈ GenV for i = 0, . . . , k−1. We prove the closure by induction on the length k of the filtration. If k = 1, then
M belongs to GenV and the latter is closed under submodules and quotients. Let k > 1 and L ≤ M . Consider the diagram
with exact rows
0 / M1
ε / M / M/M1 / 0
0 / L ∩M1
O
/ L
?
ι
O
/ (L+M1)/M1 / 0
By the inductive hypothesis, since M1 has a filtration of length k − 1 and M/M1 belongs to GenV , the modules L ∩ M1 and
(L+M1)/M1 belong to GenV . Then we conclude that L belongs to GenV . Consider now the diagram with exact rows
0 / Mk−1 / M
q
/
p

M/Mk−1 /

0
Mk−1 / M/L / N / 0
where N is the pushout of p and q. SinceM/Mk−1 ∈ GenV has a filtration of length k− 1, by induction N belongs to GenV ;
thenM/L is an extension of N by a homomorphic image ofMk−1 ∈ GenV and hence it belongs to GenV . 
We continue to denote by T , as in the Example 2.2, the functor Mod-R → H(X,Y) which associates with a module NR
the complex N/tX(N)[1]where tX is the radical of the torsion pair (X,Y).
Lemma 5.8. Let L ∈ Y ∩ GenV . Then T (L) = L[1] belongs to Gen P•.
Proof. The module L has a finite filtration
L = L0 ≥ L1 ≥ · · · ≥ Lk = 0, k ∈ N
with Li/Li+1 ∈ GenV for i = 0, . . . , k− 1. We prove the claim by induction on the length k of the filtration of L.
k = 1: Since V is a tilting RV -module, then Gen V = Pres V and the latter is closed under extensions. Therefore we can
apply Lemma 5.6.(1) to get a short exact sequence
0→ L → X → V (α) → 0
with X ∈ Gen V . Applying the functor T we get T ′V (α) → TL → TX = 0. It is easy to see that T ′(V (α)) is generated by P•:
indeed by [19, Corollary 3.3] the following is an epimorphism on the heartH(X,Y):
R(β)1

0

P•(β) /
R(β)0 V (β)
Therefore also TL belongs to Gen P•.
R. Colpi et al. / Journal of Pure and Applied Algebra 215 (2011) 2923–2936 2931
k > 1: We have the following diagram with exact rows and columns
0

0

0 / L1 / Q

/ t(L/L1)
i

/ 0
0 / L1 / L

p
/ L/L1

/ 0
K K
where t(L/L1) is the torsion part of L/L1 and Q is the pullback of i and p. Since L1 has a filtration of length k− 1, by inductive
hypothesis TL1 ∈ Gen P•. Therefore applying T to the first row of the above diagram we get that TQ ∈ Gen P•. Now K is the
torsion-free part of L/L1 and therefore it belongs toY; since L/L1 ∈ GenV , themodule K belongs also to GenV . By Lemma 5.8
we have TK ∈ Gen P•. Since Q , L, K belong to Y we have the following short exact sequence inH(X,Y)
0→ TQ → TL → TK → 0
By a standard argument, since P• is projective, Gen P• is closed under extensions and so TL belongs to Gen P•. 
Proposition 5.9. The projective object P• := R1 f→ R0 is a generator ofH(X,Y) if and only if there exists a cardinal α and a
morphism g ∈ HomR(R(α)1 , R) such that the cokernel of the restriction g|Ω(α) belongs to GenV .
Proof. Let assume that P• is a projective generator. Then there is an exact sequence inH(X,Y) of the form
0→ K • → P•(α) φ→ R[1] → 0 (∗)
Here φ is a complex map from P•(α) = R(α)1
f (α)→ R(α)0 to R[1]. Clearly only the component on degree -1 of φ is different from
0: it is the wanted morphism g in HomR(R
(α)
1 , R). Indeed, the exact sequence (∗) induces the exact sequence of homologies
H−1P•(α) = Ω(α) H−1φ→ H−1R[1] = R → H0K •
Since H0K • belongs toX, and H−1φ is the restriction of g atΩ(α), we get that the cokernel of the restriction g|Ω(α) belongs
to GenV .
Conversely, assume the existence of the cardinalα and themap g inHomR(R
(α)
1 , R) such that the cokernel of the restriction
g|Ω(α) belongs to GenV . First notice that in order to prove that P• is a generator it is enough to prove that P• generates the
tilting object R[1]. Indeed, by construction, there is an epimorphism in the heart P• → V and hence P• generates the torsion-
free class X = Gen V ; if P• generates also R[1], then it generates the torsion class Y[1] and so, being projective, also the
extensions ofX by Y[1], i.e. the whole categoryH(X,Y).
Let us consider the following map in the heart:
R(α)1
f (α)

g
/ R

P•(α)
µ
/ R[1] :=
R(α)0
/ 0
Let us denote by h the map
R(α)1

g,−f (α)

−→ R⊕ R(α)0 .
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Then we have the following diagram with exact rows and columns in Mod-R:
0

0

0

0 / g(Ker f (α)) = g(Ω(α))

/ R

/ R/g(Ω(α))

/ 0
0 / Im h /

R⊕ R(α)0

/ R⊕ R(α)0 / Im h /

0
0 / Im f (α) / R(α)0
/ V (α) / 0
By hypothesis R/g(Ω(α)) belongs to GenV ; therefore also R ⊕ R(α)0 / Im h belongs to GenV by Lemma 5.7. Let A/ Im h with
Im h ≤ A ≤ R⊕R(α)0 the torsion part of R⊕R(α)0 / Im h; then R⊕R(α)0 /A belongs toY. By the following diagram and Lemma 5.7
it belongs also to GenV :
0 / R/g(Ω(α)) / R⊕ R(α)0 / Im h
p
/
q

V (α) /

0
R/g(Ω(α)) / R⊕ R(α)0 /A / X / 0
where X is the pushout of p and q. By Lemma 5.8 T (R⊕R(α)0 /A) belongs to Gen P•. Following [19, section 3.4], (R⊕R(α)0 /A)[1]
is the cokernel inH(X,Y) of P•(α)
µ→ R[1]. Thus we have the following diagram with exact row inH(X,Y):
P•(α)
µ
/ R[1] / (R⊕ R(α)0 /A)[1] / 0
P•(β)
OO
λ
f
where λ is obtained by the projectivity of P•(β). The map λ⊕ µ : P•(β) ⊕ P•(α) → R[1] is an epimorphism inH(X,Y), and
hence R[1] is generated by P•. 
Remark 5.10. The previous result suggests to consider a presentation R1
f→ R0 of V withΩ = Ker f as big as possible to get
a map g : R(α)1 → Rwith Coker g|Ω(α) belonging to GenV , in contrast to what we have observed in Remark 5.3.
Let V := {V/K : K ≤ V }. For any right R-moduleM , consider
RejV M =

f :M→W , W∈V
Ker f .
Clearly we have the following reject chain ofM:
M ≥ RejV M ≥ Rej2V M := RejV(RejV M) ≥ Rej3V M ≥ Rej4V M ≥ · · ·
Each factor RejiV M/ Rej
i+1
V M belongs to GenV , for
RejiV M/ Rej
i+1
V M ↩→
∏
W∈V
WHom(Rej
i
V M,W ),
m+ Reji+1V M → (ϕW (m))ϕW∈Hom(RejiV M,W ),W∈V
Therefore for any i ∈ N, the moduleM/ RejiV M belongs to GenV .
Proposition 5.11. Assume the chain
R ≥ RejV R ≥ Rej2V R ≥ Rej3V R ≥ · · ·
is stationary, and RejnV R = ∩i∈N Rejn+iV R admits a projective cover ξ : R2 → RejnV R. Then R1 ⊕ R2 (f ,0)→ R0 is a projective
generator ofH(X,Y).
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Proof. First let us prove that HomR(R2, V ) = 0. Given ζ ∈ HomR(R2, V ), consider the following diagram with exact rows:
R2
ξ
/
ζ

RejnV R /
π2

0
V / Q / 0
where Q := V ⊕ RejnV R/ < (ζ (m), ξ(m)) : m ∈ R2 > is the pushout of ξ and ζ . Since RejnV R = Rejn+1V R, π2 = 0 and
hence for each ℓ ∈ R2 it is π2(ξ(ℓ)) = 0, i.e. (0, ξ(ℓ)) ∈< (ζ(m), ξ(m)) : m ∈ R2 >. Therefore, for each ℓ ∈ R2 there exists
mℓ ∈ Ker ζ such that ξ(mℓ) = ξ(ℓ). Thus we have R2 = Ker ζ + Ker ξ ; since Ker ξ is superfluous, we have R2 = Ker ζ and
hence ζ = 0. Now sinceHomR(R1⊕R2, V ) = HomR(R1, V ) and R1 f→ R0 is a projective object inH(X,Y), by Proposition 5.2
also R1⊕ R2 (f ,0)→ R0 is a projective object inH(X,Y). The cokernel of R1⊕ R2 (0,ξ)→ R is R/ RejnV Rwhich belongs to GenV . By
Proposition 5.9 we conclude that R1 ⊕ R2 (f ,0)→ R0 is also a generator ofH(X,Y). 
6. The main result
We can now give our results, collecting what we have proved in the previous sections.
Theorem 6.1. Let (X,Y) be a faithful torsion pair inMod-R. The heartH(X,Y) is equivalent to a module category if and only
(1) X = Gen V where V is a tilting RV -module ;
(2) VR admits a presentation
0→ Ω ↩→ R1 f→ R0 → V → 0
with R1 and R0 finitely generated projective modules such that
(a) any map R1 → V extends to a map R0 → V ,
(b) there exists a map R(α)1
g→ R such that the cokernel of the restriction g|Ω(α) belongs to GenV .
In such a case, R1 → R0 is a small projective generator of the heart H(X,Y). Denoted by S the endomorphism ring
EndH(X,Y)(R1 → R0), the heartH(X,Y) is equivalent toMod-S.
Proof. It is an easy consequence of Proposition 4.1, Lemma 5.1, Proposition 5.2 and Proposition 5.9. 
If we concentrate our attention to artinian rings the above result assume the following aspect:
Corollary 6.2. Let R be a right artinian ring and (X,Y) be a faithful torsion pair inMod-R. The heartH(X,Y) is equivalent to
a module category if and only ifX = Gen V where V is a finitely presented R-module and a RV -tilting module.
Proof. It follows by Theorem 6.1, Proposition 5.5 and Proposition 5.11. 
For a faithful torsion pair (X,Y) in Mod-R, tilting and cotilting settings are strictly related, as the next corollary shows.
Corollary 6.3. Let (X,Y) be a faithful torsion pair inMod-R such thatX is generated by a tilting module. ThenY is cogenerated
by a cotilting module.
Proof. If X = Gen V for a tilting module V , since the projective dimension of V is at most one and GenV = Mod-R, the
assumptions of Theorem 6.1 are satisfied. In particularH(X,Y) is a Grothendieck category and so, by [8], Y is cogenerated
by a cotilting module. 
Remark 6.4. In [8] it is shown that the heart of a faithful torsion pair (X,Y) is equivalent to a category of modules Mod-S
if and only if there exists a tilting complex E• inDb(R) such that the heart of the t-structureHE• generated by E• coincides
withH(X,Y). In such a case E• is a small projective generator ofH(X,Y) and End(E•) ∼= S. Where to look for it, how to
construct it, in terms of the torsion pair we started from, is not provided. Notice that such an E• is quasi-isomorphic to a
complex R1→R0 satisfying conditions of Theorem 6.1.
Conversely, following [15] (more precisely, applying Theorems 2.10 and 3.8, and Corollary 3.6), we get that a complex
R1→R0 satisfying the conditions of Theorem 6.1 is a tilting complex and the heart of the t-structureHR1→R0 generated by
R1→R0 coincides withH(X,Y).
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7. Applications
The following two examples show how strong is the property thatX has to be generated by a finitely presented module
forH(X,Y) to be equivalent to a module category.
Example 7.1. (1) In the category of abelian groups one can consider the torsion pair of torsion and torsion-free abelian
groups, and that of divisible and reduced abelian groups. The heart of both these torsion pairs are not equivalent to a
module category. Indeed in both the cases the torsion class is not generated by a finitely generated abelian group.
(2) Let Λ be a Kronecker algebra. The closure by direct limits of the class of preinjective modules is a torsion class X;
denoted by Y the corresponding torsion-free class, the heartH(X,Y) is not equivalent to a module category. Indeed,
ifX is generated by a finitely presented module V , then any preinjective module would be a quotient of a direct sum of
finite number of copies of V . There is no finitely presented module V with this property.
In the following example we prove that for path algebras with relations, both in the artinian and in the non-artinian case,
our algorithm permits not only to decide if the heart of a faithful torsion pair is equivalent to a module category over a ring,
but in the affirmative case also to construct explicitly the ring itself.
Example 7.2. Denote by k an algebraically closed field.
(1) LetΛ be the path k-algebra given by the following quiver
2
c

==
==
1
a @
b 
==
==
4
e / 5
f
/ 6
3
d
@
with relations ca = db = fec = fed = 0. Let us consider theΛ-module V = 12 ⊕ 13 ⊕ 1 ⊕ 4 . The subcategory Gen V is
a torsion class; let us denote by Y the corresponding torsion-free class. The ring ΛV := Λ/AnnΛ V is the path algebra
associated with the quiver
2
1
a @
b 
==
==
4
3
It is easy to verify that the finitely presented Λ-module V is a tilting ΛV -module. Therefore, by Corollary 6.2,
H(Gen V ,Y) is equivalent to a module category. SinceΛ is of finite representation type,H(Gen V ,Y) is equivalent to
a module category over an artin algebra of finite representation typeΘ associated with a suitable quiver with relations.
To determine it we have to find the indecomposable projectiveΘ-modules. Let us start constructing the small projective
generator ofH(Gen V ,Y). Consider the following resolution of V :
0→  45 4 →  245 2 ⊕  345 2 ⊕ 56 →  12 3 3 ⊕ 456 → 12 ⊕ 13 ⊕ 1 ⊕ 4 → 0
Since

4
5
4 is superfluous in  24
5
2 ⊕  34
5
2 ⊕ 56 , by Proposition 5.5, the complex with projective terms
2
4
5
2 ⊕  34
5
2 ⊕ 56 →  12 3 3 ⊕ 456
is a projective object in the heart. Let us consider the reject chain ofΛwith respect to the family of all quotients of V :
Λ = 12 3 ⊕ 245 ⊕
3
4
5
⊕ 45
6
⊕ 56 ⊕ 6 ≥

4
5
2 ⊕  56 2 ⊕ 6 ≥ ( 5 )2 ⊕  56 2 ⊕ 6 = · · ·
Themodule

5
6
4⊕ 6 is the projective cover of the stationary term of the reject chain. Therefore by Proposition 5.11 the
complex
2
4
5
2 ⊕  34
5
2 ⊕ 56 ⊕  56 4 ⊕ 6 →  12 3 3 ⊕ 456
is a small projective generator of the heart. Let us decompose it as a direct sum of indecomposable projective complexes:
2
4
5
→ 12 3

⊕

2
4
5
⊕ 34
5
→ 12 3

⊕

3
4
5
→ 12 3

⊕

5
6 → 456

⊕  56 → 04 ⊕ [ 6 → 0]
Forgetting the redundant repetition we get that also
2
4
5
→ 12 3

⊕

2
4
5
⊕ 34
5
→ 12 3

⊕

3
4
5
→ 12 3

⊕

5
6 → 456

⊕  56 → 0⊕ [ 6 → 0]
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is a small projective generator. Studying the morphisms in the heart between these projective indecomposable
complexes, it is easy to verify thatΘ is the path algebra associated with the quiver
8
i
!C
CCC
C
7
g ?~~~~~
h @
@@
@@ 11 10
m /no 12
9
ℓ
={{{{{
with relationsmi = mℓ = 0.
(2) LetΛ be the k-algebra given by the following quiver
1 / 2 / 3 d
Clearly, it is not an artinian algebra. Consider the Λ-module V = 12 ⊕ 1 . The subcategory Gen V is a torsion class; let
us denote by Y the corresponding torsion-free class. The ringΛV := Λ/AnnΛ V is the path algebra associated with the
quiver 1 → 2. It is easy to verify that the finitely presented Λ-module V is a tilting ΛV -module. Let us consider the
following resolution of V :
0→
3
3
...
⊕
2
3
3
...
→
1
2
3
3
...
⊕
1
2
3
3
...
→ 12 ⊕ 1 → 0
By Proposition 5.5, the complex with projective terms
3
3
...
⊕
2
3
3
...
→
1
2
3
3
...
⊕
1
2
3
3
...
is a projective object in the heart. Let us consider the reject chain ofΛwith respect to the family of all quotients of V :
Λ =
1
2
3
3
...
⊕
2
3
3
...
⊕
3
3
3
...
≥
3
3
3
...
⊕
3
3
3
...
⊕
3
3
3
...
= · · ·
The module
3
3
3
...
⊕
3
3
3
...
⊕
3
3
3
...
is projective. Therefore by Proposition 5.11 the complex
3
3
...
⊕
2
3
3
...
⊕

3
3
...
3
→
1
2
3
3
...
⊕
1
2
3
3
...
is a small projective generator of the heartH(Gen V ,Y); thus the latter is equivalent to a module category over a ring
Θ . Let us decompose our small projective generator as a direct sum of indecomposable projective complexes: 33
...
→
1
2
3
3
...
⊕
 233
...
→
1
2
3
3
...
⊕  33... → 0
3
Forgetting the redundant repetition we get that also 33
...
→
1
2
3
3
...
⊕
 233
...
→
1
2
3
3
...
⊕  33... → 0

is a small projective generator. Studying the morphisms in the heart between these projective indecomposable
complexes, it is easy to verify thatΘ is the path algebra associated with the quiver
4 5o / 6 d
An artin algebra Λ is quasi-tilted if there exists a faithful splitting torsion pair (X,Y) such that any module in Y has
projective dimension at most one (see for instance [14]). In [13] it is showed that any quasi-tilted algebra Λ of finite
representation type is a tilted algebra, that isΛ ∼= EndΓ (T ), where Γ is an hereditary algebra and T a tilting Γ -module. We
get the same result applying Corollary 6.2.
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Proposition 7.3. IfΛ is a quasi-tilted algebra of finite representation type, thenΛ is tilted.
Proof. Let (X,Y) be a faithful splitting torsion pair in Mod-Λ such that any module in Y has projective dimension at
most one. By [14] the heart H(X,Y) is an hereditary abelian category, and Λ[1] is a tilting object in H(X,Y) with
EndH(X,Y)Λ[1] ∼= Λ. Therefore to get the thesis it is sufficient to prove thatH(X,Y) is equivalent to a category ofmodules.
By Corollary 6.2,H(X,Y) is equivalent to a category of modules if and only if the torsion classX is generated by a finitely
presentedΛ-module P which is a tiltingΛP -module.
Let us consider themodule Q = ⊕inXi where {X1, . . . , Xn} is a complete list of non-isomorphic indecomposablemodules
inX. Since the algebra is of finite representation type, the torsion classX coincides with AddQ ; moreover, being Q product
complete, AddQ = ProdQ is closed under products.
If Ext1(Q ,Q ) = 0, we take P := Q . Otherwise, if Ext1(Q ,Q ) ≠ 0, let us denote by Xi and Xj two indecomposable
summands of Q such that Ext1(Xj, Xi) ≠ 0. We claim that X = GenQ1 = PresQ1, where Q1 = Q \ {Xi}. Indeed, let
0 → Xj → M → Xi → 0 be a non-splitting exact sequence. Since in the valued quiver of Λ there are no oriented
cycles (see [14]), we deduce that Xi does not belong to addM and thereforeM belongs to addQ1. SinceM generates Xi, it is
GenQ = GenQ1 and PresQ = PresQ1. If Ext1(Q1,Q1) = 0 we take P := Q1, otherwise we repeat the same procedure. In
such a way, in a finite number of steps, we will get a module P := Qm withX = Gen P = Pres P and Ext1(P, P) = 0.
The module P is a finitely presented Λ-module; let us prove that it is a tilting ΛP -module. By Proposition 3.2, since X
is closed under products, it is sufficient to prove that Gen P = GenP ∩ P⊥. If M ∈ GenP , there exists an exact sequence
0 → M → X0 → X1 → 0 with X0 ∈ X and X1 ∈ Add P; if M belongs also to P⊥ this sequence splits and so M belongs
to Gen P . Conversely, if M belongs to Gen P = Pres P , there exists en exact sequence 0 → M0 → P0 → M → 0, where
P0 ∈ Add P = Prod P andM0 ∈ Gen P . Thus from the sequence Ext1(P, P0)→ Ext1(P,M)→ Ext2(P,M0), since anymodule
inX has injective dimension at most one ([14]), we conclude thatM ∈ P⊥. 
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